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ALGEBRAIC DAVIS DECOMPOSITION 
AND ASYMMETRIC DOOB INEQUALITIES 

GUIXIANG HONG, MARIUS JUNGE, JAVIER PARGET 


Abstract. In this paper we investigate asymmetric forms of Doob maximal 
inequality. The asymmetry is imposed by noncommutativity. Let (Ad,r) be a 
noncommutative probability space equipped with a weak-* dense filtration of 
von Neumann subalgebras (Adn)n>i- denote the corresponding family 

of conditional expectations. As an illustration for an asymmetric result, we 
prove that for 1 < p < 2 and x G Z/p(Ad,r) one can find a, 6 E Lp(Al,T) and 
contractions Un,Vn € Ad such that 

^n(x) = aun -h Vnb and max {||a||p, \\b\\p} < CpH^Hp. 

Moreover, it turns out that aUn and Vnb converge in the row/column Hardy 
spaces 'Hp(A4) and 'Hp(Ad) respectively. In particular, this solves a problem 
posed by Defant and Junge in 2004. In the case p = 1, our results establish 
a noncommutative form of Davis celebrated theorem on the relation between 
martingale maximal and square functions in Li, whose noncommutative form 
has remained open for quite some time. Given 1 < p < 2, we also provide new 
weak type maximal estimates, which imply in turn left/right almost uniform 
convergence of Sn(x) in row/column Hardy spaces. This improves the bilateral 
convergence known so far. Our approach is based on new forms of Davis 
martingale decomposition which are of independent interest, and an algebraic 
atomic description for the involved Hardy spaces. The latter results are new 
even for commutative von Neumann algebras. 


Introduction 

Doob maximal inequality is a corner stone in harmonic analysis, probability and 
ergodic theory. Its noncommutative form is central in noncommutative harmonic 
analysis and quantum probability. Cuculescu established in [T] the noncommutative 
endpoint estimate for p = 1 of Doob’s inequality. Given (M, r) a noncommutative 
probability space, let £n denote the conditional expectantions associated to a given 
weak-* dense filtration (A4n)n>i- Given x G Li{M)+ and A > 0, Cuculescu 
constructed projections q\ G M. satisfying 

qx£n{x)qx < A and t(1 - qx) < ^|la;||i. 

Unfortunately, Marcinkiewicz interpolation with the other (obvious) endpoint is 
by no means trivial. Due to the lack of pointwise suprema after quantization, it 
first required to understand how noncommutative Lp norms of maximal functions 
should be described. This was achieved by Pisier using sophisticated tools from 
operator space theory [16]. Then, the expected interpolation result was proved by 
Junge/Xu in 2007 for positive cones [H]. A few years earlier, the second-named 
author had found a direct more elaborated argument from Hilbert module theory 
[3]. Given p > 1 and x G Lp(A4), the noncommutative form of Doob maximal Lp 
inequality provides operators a, & G L 2 p{M.) and Wn G A4 satisfying 

£n[x) = awnb and ||a|| 2 p( sup ||w„||7w ) ll&lbp < Cp||x||p. 

The results above reduce to Doob’s original formulation for commutative algebras. 


1 


2 


HONG. JUNGE, PARGET 


As we shall see, the spaces above have a symmetric nature. Noncommutativity 
allows however to conjecture natural asymmetric forms of these inequalities, which 
all collapse into one inequality for abelian algebras. The row/column-valued Lp 
spaces —the most asymmetric ones— are omnipresent in operator space theory and 
quantum probability. Just to mention some examples, noncommutative Khintchine 
or Burkholder-Gundy inequalities [Ml [m ED], as well as several noncommutative 
forms of Littlewood-Paley theory mm precise row/column spaces. Certain free 
variants of these inequalities have also a great impact in Grothendieck’s theorem 
for operator spaces [ini E2- Other more subtle asymmetries were studied in |D] 
with applications in operator space Lp embedding theory [8]. In the particular 
context of noncommutative maximal inequalities, almost everywhere convergence 
is replaced by almost uniform convergence and row/column asymmetric estimates 
yield left/right a.u. convergence [H Proposition 5.1], less restrictive than what the 
symmetric ones provide. The row/column Lp(£oo) spaces have also played a role in 
noncommutative BMO theory. All of this motivates further research. 

Motivated by a question of Gilles Pisier, the second-named author found the first 
asymmetric forms of Doob inequality in his paper |4]. Namely, given 0 < 0 < 1 the 
following estimate holds for x G Lp(A4) 

(ADlp) < Cp,e||a;||ip( 7 K) when p > 2max {0,1 - 6»}. 

Lp{M;i^) is the subspace of sequences in Lp{M) with quasi-norm 

||(a;ri)n>i||p^^(^.^(, ) = inf |||a||sup ||wn||oo) ||&||| | Xn = awnb for n > l|. 


The infimum runs over all possible factorizations of (xn)n>i in the form Xn = aWnb 
with (a,6) € Lp/(i_g)(Al) x Lp/g{A4) and (wn)n>i uniformly bounded in j\4. The 
symmetric Doob inequality corresponds to 0 = 1/2 and the corresponding space is 
denoted L„(AJ;£oo). Other significant cases are given by the row/column spaces 


Lp(M;£: 


d) and Lj 


which correspond to 0 = 0,1 respectively. Let us note 


that the triangle inequality may fail unless 1 — p/2 < 0 < p/2 —equivalently 
p > 2max{0,1 — 9} — and these spaces form a natural interpolation scale in this 
range [31E]. Although (AD^^ ) is fully satisfactory for p > 2, a counterexample in 
[3] disproved the asymmetric inequality for p < 2max{0,1 — 0}. This implies that 
row/column estimates fail for p < 2. Fortunately, this is not the end of the story 
and other asymmetric Doob inequalities might hold. Indeed, given 1 < p < 2 and 
recalling +'Hp{M.) C Lp{M) from the noncommutative Burkholder-Gundy 

inequalities [50], the best we could hope for is 


(AD„J 


I (^n(^))n>l 


>1 




) — '-pl 
) — CpI 


x\\hi{m)- 


The row/column Hardy spaces 'Hp{M) and 'Hp{M) are the completion of finite Lp 
martingales with respect to the p-norm of their (row/column) martingale square 
functions. This suggests a control of row/coluinn maximal functions by row/column 
square functions in the spirit of Davis fundamental theorem [5] . In the symmetric 
case of ■Hp(AJ), it holds for p > 1 [d] EO] and fails for p = 1 [TT] . Unfortunately 
it seems that (|AD^^ 

and also 


is too good to be true —see below— but we may find their 
closest substitutes. (Jur first result establishes weak type forms of (|AD^ 


strong forms after arbitrary small perturbations of the asymmetries. 





ASYMMETRIC DOOB INEQUALITIES 


3 


There are two ways to provide weak forms of the space Lp{M;ioo)- One is as 
an amalgamated space Tp,oo(A4;£oo) = L 2 p,oo{M)£ooiM)L 2 p,oo{M) in the spirit 
of [5], which allows asymmetric generalizations in an obvious way. Alternatively 
the (weaker) space Kp,oo{M.,£oo) is defined as the sequences {xn)n>i in Lp,oo{-M) 
satisfying that 






= sup 


inf lArffl-o))^ 








is finite. Here stands for the projection lattice in A4. This definition is inspired 
by Cuculescu’s construction and Tp,oo(A^; ^oo) C Ap_oo(A^; ^oo)- The column space 
is determined by 

||(a:n)n>i||A^ ^ ~ " I lk«9l|oo < A for all n > l|. 


This is finite iff (x^Xn)n>i S Ap/ 2 ,oo(Af; -^oo)- Take adjoints to define the row space. 


Theorem A. Let {M,t) be a noncommutative probability space and let £n denote 
the conditional expectations associated to a weak-* dense filtration {Mn)n>i of von 
Neumann sulbalgebras. Then, the following inequalities hold: 


i) Given I <p <2 and x G ?{p(A4) 

II (fn(a;))n>l ^ — Cp,6»||2;||'Hc(^) 

provided 1 —p/2 < 9 < 1. The same holds for x G ?{p(A4) and 0 < 9 < p/2. 

ii) Given 1 <p <2 and x G 'Hp{M) 

II (^n(2^))n>l lly^^ ) — Cp||a;||-H=(^). 

Similarly, the row analog (£n)n>i ■ Tdp[M) £^p,oo{M', £/x/) ** bounded. 


Theorem A gets very close to inequalities (AD-j^ 


—see Theorem B for related 
inequalities— and according to mm we conjecture that Theorem A is best possible 
in our restrictions on 0 < 0 < 1, see Remark 1 1.41 Actually, Theorem A solves the 
mystery around the noncommutative Davis theorem and yields the following result 
for any 0 < 9 ^ < 1 




The symmetric case 9 — was disproved in m but Theorem A shows it works for 
arbitrary small asymmetries. Theorem Aii also provides weak estimates for 0 = 0,1. 


A crucial difficulty in the proof is that we may not take direct advantage of the 
positivity-preserving nature of conditional expectations, as it happens in previous 
results m^m- Our proof rests on two crucial points. We first decompose the 
column Hardy space 'Hp{M) = hp{A4)hp{A4) into the column conditioned Hardy 
space hp{M) and the diagonal Hardy space hp{M), precise definitions will be given 
below in the body of the paper. This result is known as the noncommutative 
Davis decomposition, independently discovered by Junge/Mei and Perrin [BJ [TJ] 
and subsequently improved in [To1[T5] with a better diagonal term hp‘={Ai). The 
second ingredient is an instrumental ‘algebraic atomic’ description of these spaces 
from [15]. The combination of these two results produces a description of 'Hp{M.) 
which we call algebraic Davis decomposition in this paper. 
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A sequence (x„)„>i of r-measurable operators converges to 0 r-almost uniformly 
when there is a sequence of projections (pk)k>i in M. satisfying lim^ t(1 — pk) = 0 
and lim„ ||a;„pfe||oo = 0 for all fc > 1. Theorem Aii implies that (£n(x))n>i converges 
r-a.u. to X for every x G T-Lp{M.) and any 1 < p < 2. Row analogs also apply and 
refine the (weaker) r-a.u. bilateral convergence results in [3]. 

Stronger asymmetric Doob maximal estimates follow by stretching our approach 
to produce finer algebraic Davis type decompositions. More precisely, according 
to Theorem A and the noncommutative Burkholder-Gundy inequalities, it is clear 
that every x in Lp{A4) can be written as x = Xr + Xc with 

max I II (£^„(a;r))n>l II ) I II (^n( 2 ^c))n>l II Ap )} — '"pII*IITp(A4)- 

Similar decompositions apply for the strong inequalities in Theorem Ai. Can we find 
a better decomposition x = Xr + Xc to prove the inequality above for row/column 
Lp{ica) spaces instead of their weak analogs? In this paper we will introduce new 
families of spaces 

(DDp„) h;jM) + and h;jM) + hli,(M) 

for ui > 2, so that the spaces corresponding to the parameter w = 2 recover the 
row/column Hardy spaces considered so far. The key to solve the question above is 
a new algebraic Davis decomposition which refines the ones in [HI uni ttn m] • We 
think it is of independent interest. In the following result we include this Davis 
decomposition and the strong type inequality which answers our question. 

Theorem B. Let (AI,t) be a noncommutative probability space and let £n denote 
the conditional expectations associated to a weak-* dense filtration (A4n)n>i of von 
Neumann sulbalgebras. Then, the following results hold: 

i) Given 1 < p < 2 with Ifp = l/w -I- 1/s, we find 

Lp{M) ~ T-Lp^^i^M) provided w,s >2. 

Moreover, we have continuous inclusions C for f = r, c. 

ii) Given 1 < p < 2, the inequalities below hold for any w > 2 

I|(^"(^))’^>i|Ilp(A1;^5„) “ 

II (^n(3;))n>l II j ^ ■ 

In particular, given x G Lp(M) may write x = Xr + Xc with 

max III (£’„(a;p))n>i II)I II(^n(2;c))n>i IIAp(jvi;fc ^ Cp||a;||Ap(jvi)' 

Moreover, we have x^ G 'Hp^{M) C %p{M) and Xc G Hpp,(A4) C 'Hp{M). 


Theorem Bii is also very close to (lAD-^ 


since arbitrary small perturbations 
of row/column square functions {w > 2) dominate in turn row/column maximal 
functions. The last statement for x = Xr + Xc solves in passing the problem posed 
in O Section 7.2] and refines Theorem A. Again, the proof is strongly based on 
the decomposition of Lp given in Theorem Bi in conjunction with (DDpu;) and 


algebraic atomic descriptions of the involved Hardy spaces. These latter results are 
apparently new even for classical (commutative) probability spaces. 
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1. Proof of Theorem A 

In this section we prove Theorem A and briefly discuss its optimality. We shall 
also present its applications in terms of almost uniform convergence. Our first task 
is to recall the noncommutative Davis decomposition from [lOj and the algebraic 
atomic description of the involved Hardy spaces. 


1.1. Algebraic Davis decomposition. Given p > 1 and a weak-* dense filtration 
{M.n)n>i in the column martingale Hardy space 7tp(Al) is the completion 

of finite Lp-martingales with respect to 


xWh^^M) 


n>l 


P 


with di{x) 


£i{x). 


The space hp(A4) is also defined in a similar way via the conditioned square function 


lklU=(>f) 


n>l 


with £t)\di{x)\'^ 


\£,{x)\\ 


In what follows, we will say that an operator x affiliated to A4 is an algebraic 
hp-atom whenever it can be written in the form x = X]n>i ‘^nbn, with a„ and 
satisfying the following conditions for 1/p = 1/2 -|- 1/g: 


i) £n{an) = 0,bn G Lq{Mn) for all n > 1, 


) ^ 1 and 


< 1 . 


This leads to define the column-atomic Hardy space hp as the completion 

in hp{Ai) of the space whose unit ball is the absolute convex hull of the family of 
algebraic /ip-atoms. This yields 

ll^ll'‘?,aa(^) = iaf { X! ^ = X! /i/-atoms|. 

j>i i>i 


The space hp‘=(A4) was introduced in [10] to replace the diagonal space hp{M) 
in the noncommutative Davis decomposition from laiiij. The advantage is that 
we may work with a strictly smaller space. Namely, hp‘^(A4) is the subspace of 
all martingale difference sequences in Lp{M\l\). We refer to (TUI [TS] for precise 
definitions —which we shall not use here— and focus uniquely in the algebraic 
atomic description. We call x an algebraic hp'^-atom whenever it can be written as 
^ = I]n>i dnianPn), with and /3„ satisfying: 


i) an G L2{A4), Pn G Lq 

ii) y] \\<^n\\l < 1 and 


{M.) for n > 1, 


9 


< 1 . 


As above, we set 


J>1 


X = 


\jXj with Xj -atoms 

j>i 


and define /ip°aa(-^) accordingly. This is the algebraic Davis decomposition. 
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Theorem 1.1. Let 1 < p < 2. Then 

n;{M) ^ hi{M) + h\L{M) 

In fact, hp{A4) ~ and (Al) ~ The same holds for row spaces. 

Proof. The argument can be found in [TUI Theorem 5.7] and [lUJ Section 3.6]. □ 

1.2. Proof of Theorem Ai. Along this section, we will limit ourselves to prove 
the column statements since their row analogs are proved similarly. The case p = 2 
follows easily from |4] by interpolation. Indeed, given 0 < d < 1 and according to 
[5] , there exists l<po< 2 <pi<oo and 0 < 77 < 1 satisfying one of the following 
isomorphisms 

L,{M)=[Lp,{M),LpAM)]^ 

and 

if0<l/2, 

L2(M;0 = < [Lp„{M;eoo),Lp,iM-Joo)]^ if 0 = 1/2, 

if0>l/2. 

Thus, Theorem Ai for p = 2 follows at once from the symmetric and asymmetric 
Doob inequalities in |4] which we recalled in the Introduction. We may therefore 
assume in what follows that 1 < p < 2 and I—p/2<d<Iis fixed. According to 
Theorem o it suffices to prove 

(1-1) II Lp(A<;^^ ) — 

( 1 - 2 ) - '^P’®ll^ll^/?aa(A<)- 

Proof of (jl.ip . Assume 

i>i 

is an algebraic hp-atomic decomposition of x satisfying \j > 0 and \j = 1 by 
homogeneity. Recall that Xj = J2m>i Sm{a3^) = 0 and G Lg{Mm) 

where 1/p = 1/2 + l/q. Then, £’„(x) admits the following factorization 

n n 

£r.{x) = E E E = E E E ^3dk{al)b3^ 

j>l k—1 m>l j^l k—1 m<.k 

= (E E E 

^>1 l<m<fe<n m>l 

^ ^ ^ , -- 

A.n B 

Using again £m{a3^) = 0 we observe that 

n k—1 ^ ^ 

An = A|dfc(a/„)(8)ei(j,™)) =^n®*d(E E = Sn{A) 

k—1 j>l m—1 j>l m>l 

where £n = £n ® definition of algebraic atoms 





ASYMMETRIC DOOB INEQUALITIES 


7 


Letting \ = \ — > 0, polar decomposition yields A = Arow^mat where 

a) Arow € is a row matrix with ||Arow|| < 1, 

b) Amat € Ls{M®B{£ 2 )) is a full matrix satisfying ||Amat||s < 1- 


According to [H Proposition 2.8], for each n > 1 there is an isometric right 
Ad„0S(fy)-module map : M.®B{l 2 ) —t C{M.n®B{£ 2 )) whose image is the space 
of columns with entries in Ai„^B{£ 2 ) and such that 

f„(A)=u„(A:„^)*u„(A„at)- 

On the other hand, by the symmetric Doob maximal inequality [3] in the amplified 
space L_p_{M®B{l 2 )), we find a G and pn G M.®B{£ 2 ) which 

2{1 — Q) 1 — 0 

satisfy the following relations for n > 1 

= Un{A:,J*Un{A:,J = av:p„a. 


ll«lly^ (sup ||p™||oo) < - C_^||Arow||.^ 


^ ^ ^T) a' 

1-0 — 


Similarly, we may find f3 G Ls{M®B{£ 2 )) and 7 „ G M^B{£ 2 ) for any n > 1 with 


»(Amat)*Wn(Aj^at) =and ||/3|U(sup||7„||oo) 

n>l ' 


< c;,,. 


According to polar decomposition and the factorizations found so far, it is not 
difficult to construct contractions ^n,'4’n G AlOS(fy) so that £n{x) may be rewritten 
as follows 

En{x) = £n{A)B 

= Un{A:,J*u^{A^,,)B = {a*p*Xn){^nluP)B 

O Wn b 

We claim that {a,Wn,b) G L p (M.) x Loo(Af) x Lp{M) and 

(1-®) ® 

||a||.^(sup||u;„||oo)||&||f < clecle = Cp,9. 

^ n>l ' 


This implies dm. The fact that a, b, Wn are affiliated with Ai and not with the 
amplified algebra A4^B{£2) boils down to the observation that a* is a row matrix 
and B a column matrix. Note that a* is a row matrix because the same holds for 
since its adjoint is a column of columns. On the other hand, since 
and tpn as well as {a*a)~^^‘^a* and I3B{B*£3* 15B)~^/'^ are contractions, we conclude 
that 



'a 11 ( sup ||pn||oo I|7" l|oo ) I 

^ n>l ' 


< A A 
9 — fy,6»fy.6l- 


Indeed, | = i + ^ and ||B||, 

Proof of (|1.2|) . Assume 


j,m>l 



j>l m>l 



^ = E 
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is an algebraic Zip'"-atomic decomposition of x satisfying Xj > 0 and = 1 by 

homogeneity. Recall Xj = with e L 2 {M) and /3^ G Lq{M) 

where l/p=l/2-|-l/g. Then, £n(x) may be written as 

n n 

Sn (x) = ^ dk (x) = X! X! i^kl^k) 

k=l j>l k=l 

n n 

j>l k^l j>l k^l 

By the (quasi)-triangle inequality in Lp{M-',£^), it suffices to estimate the norms 
of {Xn)n>i and (Tn)n>i Separately. Since both are similar, we shall only justify the 
one for X„’s. To that end we emulate the argument for /ip-atoms, so that we aim 
to express Xn in the form En{A)B for some operators A, B affiliated to Ai^B{£ 2 ) 
and some conditional expectations E„. The cancelation of Zip-atoms allowed us to 
take E„ = 0 above. Our choice this time will be different. Before that 

we apply [U Proposition 2.8] to factorize 

£Uc^iPi)=u,{airu,{Pi) 

where Uk '■ M ^ C{Mk) is an isometric right A^fc-module map. Hence 

-’fn = (E E ^3 0 eij 0 eifc ) (E E ® O ^ 

k<n k>l 

" -V-" '-V-' 

A„ B 


Let us take E„ = idM 0 0 idis(^£^'j 0 E„ where 

^n(^{kkljk')j,k>l') — {jkljk^l<j^k<n © ijnkk)k>n 


is a unital conditional expectation in ^(£ 2 )- Of course, this gives = E„(H) as 
desired. Once this is clarified, the estimate for the Lp(A4; £^)-norm of {Xn)n>i 
can be deduced following the same argument we used for Zip-atoms above as long 
as we can prove that ||A ||2 and ||i?||g are finite. We have 


PII 2 

\\Bh 


(E E r{£kiK\^))y = (E E ii^iiiO' ^ 

j>l k>l j>l k>l 


E- 

j>i 


k>l 


< 




i>i 


' fc>i 




< Co 


The bound of B follows from the dual Doob inequalities [4] since l<g/2<oo. □ 


1.3. Proof of Theorem Aii. As above, it suffices to consider the column spaces 
and we begin with the case p = 2. By the definition of A 2 ,oo{M\£%^), it can be 
easily checked that 

< ||(^n(|a;| II — II 1*1 lll,i(A1) ~ II*IU2(A4)- 

Here we have used Kadison-Schwarz inequality and Cuculescu weak type estimate 
[I], which holds with constant 1. This proves the result for p = 2 since we have 
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= L 2 {M). Let US now assume that 1 < p < 2. By the algebraic Davis 
decomposition in Theorem ll.il it suffices to prove 

(1-3) - '^pll^ll^p.aaC^) 

(1-4) 

Proof of (|1.3ft . Assume by homogeneity that 

ll^ll^?.aa(^) ^ ^ 

and follow the proof of Theorem Ai to factorize £n{x) = £n{A)B with 

max |||A|| 2 , 2 (Aiig)e(^ 2 )) JI-®llL,(X®B(f 2 ))} < 4- 

According to Theorem Aii for p = 2 (already justified with C 2 = 1) we obtain 

||(fn(A)) "^l|lA2,ao(AI®B(I!2)) - < 1- 

We are now ready to justify (IE3D. Indeed, given A > 0 set in what follows Ai = A^/^ 
and A 2 = A^/'^. According to the definition of the weak space A2,oo(Al(S)S(f2); 
there must exist a projection e\^ G M.®B{l 2 ) satisfying 

|^n(A)eA^ I < Ai and Ai (t(1 — cai)) ~ < (1 + (5)|| {£n{A))n>i ||^2 ^ 

where r = r(8)tr. In addition, i? is a column so that |i3| G Lq{A4). This means that 
the spectral projection = X[o,A 2](|4?|) belongs to M. Moreover, by Chebyshev 
inequality we also find that the following inequalities hold 

|i3|/A2<A2 and X 2 {r{l - < \\B\\q < 1. 

Then we construct the following projection in A4 

Ba = (1 - supp|(l - caJ^I^ a /a 2 . 

Observe that (1 — caJ^IIa = 0, which yields in turn 
£n{A)BB\ = f„(A)eAii?nA = £'n(A)eAii?/A2nA ^ ||£’„(A)i?nA||^ < A 1 A 2 = A. 
Therefore, by the definition of Kp^oo(,M^\(-%o) it suffices to estimate A(t(1 — Ba))^ 

A(t(1-Ba))^ < A(r(supp|(l-eAi)B|)+ t(1-/a2 ))'’ 

= \(?{supp\B*{l - baJI) + r(l - /A 2 )) 

< A^t(1 — baJ + t(1 -/aj)^ < A^A;^^ + A2‘^^ = 2p. 

Proof of (|1.4ft . Assume by homogeneity that 

ll^ll?lp?aa(VW) < 4 

and follow the proof of Theorem Ai to write £n(x) = X„ — T„, where both and 
Yn are of the form E„(A)i3 for certain rows A and columns B satisfying the same 
estimates above 

max |||A||i2(Ai(gii3(^2))! ll-®llL,(A/i®B(f 2 ))} < 4- 
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According to Theorem Aii for p = 2 we obtain 

l|('^"(^))">l|lA2...„(A1®e(^2)) - ll^lli2(7W®B(£2)) < 1- 

Then, our argument above for (11.31) applies and yields the following inequalities 

max|||(A„)„>i||^^^^^^,^^^, ||(^n)n>l||Ap - ^P- 

The desired result follows from the quasi-triangle inequality in □ 

Remark 1.2. The idea behind the proof of m is a Holder type inequality for 
the Cuculescu spaces Ap^oo(Al; ^oo)- More precisely, given 0 < p,q < oo such that 
l/r= 1/p+l/q, we find that 

C A,,oo(M;0. 

In other words, the following inequality holds 

The proof can be reconstructed from our proof of (ESI), but the argument there is a 
bit more involved since our operators Xn and b live in the matrix amplified algebra 
although their product does not. This forces us to be a bit more careful. 

1.4. Conclusions. We conclude this section with a little discussion on r-almost 
uniform convergence and the optimality of Theorem A. Let us precise our definition 
of almost uniform convergence given in the Introduction. A sequence (x„)„>i of 
T-measurable operators converges to 0 r-almost uniformly from the right when 
there is a sequence of projections {pk)k>i in Ad satisfying limfcr(l — pk) = 0 
and lim„ ||xnPfc||oo = 0 for all fc > 1. Similarly, (xn)n>i converges to 0 r-almost 
uniformly from the left when lim„ ||pfea;„||oo = 0 instead. 

Corollary 1.3. Given 1 < p < 2 and x G the sequence £n{x) converges 

r-almost uniformly from the right to x. Similarly, when x G 'Hp{A4) the r-a.u. 
convergence holds from the left. 

Proof. Recall from Theorem Aii that 
\\{£n{x) — £ra{x))n>m\\f^^ ) 

= ~ — 11^ ~ II W=(A4) ^ 

as m —>■ oo. Combining this with the proof of [3l Proposition 5.1] we obtain the 
desired result. The row case is justified similarly. This completes the proof. □ 

Remark 1.4. According to m, the symmetric estimate —)■ Ll{Ai^,^oa) 

fails and our restrictions 9 < p/2 in the row case and 9 > 1—p/2 in the column 
case become necessary forp = 1. In addition, since L 2 {M) = TL^iM) = the 

negative results in for p < 2 indicate that we may not expect a better result for 
p = 2. These considerations lead us to conjecture that Theorem A is best possible 
in our restrictions for the parameter 0 < 0 < 1. 

2. Proof of Theorem B 

In this section we prove Theorem B. This requires to introduce a family of Hardy 
spaces, apparently new even in classical/commutative martingale Lp theory. As a 
crucial point in our approach, we shall also investigate their dual spaces. 
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2.1. New Hardy spaces. The family of Hardy spaces to be introduced below is 
motivated by an elementary observation. Namely, that the norms in aa(-^) ^-nd 
/ip“aa(-^) can be simplified as follows. 

Lemma 2.1. Given 1 < p <2 with Ijp = 1/2 + 1/q, we find 


II^IU?,aa(AH = inf 

^ X—} CLnOn 

(Elln-112)" 


£n(ar,)=0,b„GLg(Mn) 

n>l 

n>l 

ll^ll/ii'= (M) = inf 

"'Ip.aalAi; x=J2„d„(a„/3„) 

(Eii«"iii)" 

^ >. 1 


aneL2iM),l3„eL^{M) - 


In other words, any sum of atoms may be rewritten as a single algebraic 

hp-atom or hp°-atom accordingly. Similar simplifications apply for the row spaces. 


Proof. The proof is very similar in all cases, let us justify it rigorously for the space 
hp aa(-^)- The quantity on the right hand side is clearly not smaller than the one on 
the left hand side. Conversely, given d > 0 consider a decomposition x = ^jXj 
into algebraic /ip-atoms satisfying Xj > 0 and '^jXj < (1 + 5)\\x\\hc We 

know Xj = J2m o-iiKi with £m{ai,) = 0 and Ifi^ G LfiMm)- Set 

H where ^ '. 

l>i t>i 

Recall that £n(a„) = 0 and G Lq{Mn)- Thus, it suffices to prove 




i) cc = a„6„. 


and conclude by letting d —>■ 0"^. The first identity requires to justify Fubini in 


X = Y1 = ^P.aa - E E 

j>l j<J m>l 


= /ip.aa - E E = E 


m>l j<J 


m>l 


The first limit holds since the partial sums J2j<j Aj ^mHn clearly Cauchy in 
^p,aa(-A^)- The second limit requires to show that the /i® aa"i^o™s of the following 
sums converge to 0 as J —>■ cxd 

E! E! — E! 0,m{J)bm{J) 

?71>lj>J ?71>1 

where am{J) = J2j>j ^j^LHnbm{J)~^ and bm{J)'^ = J2j>j^j\Ki\^- This is an 
algebraic /ip-atom since £m,{<dm{J)) = 0 and bm{J) G Lq{M.m)- In particular, we 
immediately deduce the following estimate 


E E 

m>l j>J 




< 


(Eii«™('^)iii)'||(Ei^™('^)i') 

?7i>l m>l 
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We may estimate the first term on the right hand side as follows 

2 


m>l m>l j^J 


E||(E^.-i«-i^ 


< 




3>J 


EE^^ii«™ii2<E^^- 


m>l j>J 

The second term uses the triangle inequality in Lqj 2 {M) since q>2 

2 


(E 

m>l 


m>l j>J 


< 


j>J m>l j>J 


Altogether we obtain 

II E E 

m>l j>J 


< lim A, = 0, 

?lp,aa(X) J^OO-^ 

3>J 


which completes the proof of claim i). Claim ii) follows from above for J = 1. The 

assertion for h}p‘^^{M) is very similar. Indeed, given x = EjEm 

pick 

am = E^. >'3'^LI3Ll3m with /3m = ( Ej 1^) ' ' 

The exact same argument yields a suitable decomposition x = Em dmiamPm)- D 


We are now ready to generalize the family of algebraic atomic Hardy spaces. Let 
Lo{M-,t) stand for the space of r-measurable operators. Let 1 < p < 2 and s > 2 
so that l/p= 1/rc + l/s. Then we define 

= |xGLo(A^,t): ||x||,,=^(7w) < oo|, 

= |xGLo(Ad,r): < oo|, 

where 



= inf 

ai = En 

£n{a-n.)—0, bjiGLsiMn) 

E«" 

n>l 

0 ein 

W 

E ® e„i 

n>l 


= inf 

X=J2„ drziandr,) 
a„GL„(7W),/3„GLs(7W) 

E 

n>l 

0 ei„ 

w 1 

^ ^ i^n ^ ^nl 

n>l 


The analog families of row Hardy spaces are defined by taking adjoints as usual. 
Remark 2.2. According to Theorem 11.11 and Lemma [2T] we get the isomorphisms 

hUiM) = c, hl{Ml 

= KUM) ^ hl^{M). 

Of course we could have allowed s > p by imposing w > 2. The most interesting 
spaces for this paper will be those satisfying w,s > 2, although those with w < 2 
will also be instrumental for our purposes. 

Lemma 2.3. The following holds: 

i) Ifw> 2, II • lUc^(x) is a norm. 

ii) Ifw<2, II • ||;^J^( 7 W) is a ^-norm. 
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The same is true for || • ||^ic and the corresponding row analogues. 


Proof. Homogeneity is straightforward, while the positive definiteness follows from 
the simple fact that hp^{A4) embeds in Lp(A4). The same embedding holds for 
hp^(A4) —and so positive definiteness— although this will require a more involved 
argument in Lemma 12.51 below. It remains to justify the triangle inequality for 
w > 2 and its ^-analogue for w < 2. Since the argument is similar for hp^{M) 
and hpl^{Ai) —see the end of the proof of Lemma [2.11 for a similar arguing— we 
shall only consider the space Given xi,X 2 € hp^{M) and (5 > 0, we may 

write Xj = ’^mHn £m{a^m) = 0 G Ls{Mn) such that 


'y ® ^Ira 

m>l 


w 


m>l 


< (1 + 


Moreover, by renormalization we may assume 


y ® ^Im 

m>l 


w 


^ ^ Hn ^ ^ml 

m>l 


Set Om = ^nd bm = This allows US to write 

xi + X 2 = Y^m>i <^m.bm with £m{am) = 0 and bm £ Ls{Mm)- Assume now that 
w < 2, our considerations so far yield 


Xi + X2 




< 


y ^ am 0 0\m 

m>l 


w 


^ ^ ^771 ^ml 
m>l 


Therefore, assertion ii) will follow by letting d —>■ O'*" if we can prove 


dli:' 

m>l 


dm 0 ^Iri 


A 

11 _^ W \ ^ 

, I y_^ bm ® Oml I < (1 + ij) ^ 

m >1 7 = 1 


(M) 


or equivalently 


I ^ ^ dm 0 ^Im 

m>l 

- 

j—1 m >1 

I ^ ^ 0 dml 

2 


m>l 

To prove the first estimate we note that 
2 


_7 = 1 m>l 




j-'=l m>l 
2 


< 


< 


(SKS 

j—1 m>l 

(tKE 

j—1 m>l 


A — I y ^ ^ y ^ ^ y ] Hn^m ® emm^ 

m>l 


d'^m 0 I 


din 0 ^Im , 


j — 1 m>l 
2 


1 




_7 = 1 ?71>1 


The desired inequality follows them for the fact that || • \\iu /2 is a ^-norm for w <2. 
The expected upper bound for B is easier to obtain since s > 2 and we may use 
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the triangle inequality in Ls/ 2 {M) 

j=l m>l ^ 




_7 = 1 m>l 




j — 1 m>l 

This proves ii). The proof of i) is simpler since is a Banach space. □ 

2.2. LpUio spaces and duality. We shall need in what follows to consider the 
duals of the spaces considered so far. Let 2 < p' < oo and s > 2 so that w' is given 
by 1/w' = 1/p' + 1/s. Then we define 

Lp,^,mo{M) = |a; = (a;„)„>i Lu,/-martingale : ||a;||Lc,^,mo < c)o|, 

Lpf^,mo(M) = |a; = (x„)„>i Lu,/-martingale : ||a;||^ic < ooj, 


where 


\mL<^ 


I Ur r Ic 

II ml , ,mo 


sup 

m>l 

br,^Ls{Mr^) 


sup 

Pn<^Ls{M) 


IE„ 


II = <1 

" 5 - 


n<m 


( ^(a;n - a;„_i)/3„/3*(a;„ - 

n>l 


As usual, we take adjoints to define the row spaces. We should also recall that 
L^, 2 Tno{M) coincides with the L^,mo{M.) spaces introduced in [14]. We are now 
proving that Fefferman’s Hi — BMO duality theorem extends to these spaces. 

Lemma 2.4. If 1 < p < 2 and w >2, we find 

hl^iMY ^ Ll,^,mo{M) and ^ 

In addition, the analogous duality results also hold for the corresponding row spaces. 

Proof. Again we only consider the column cases. Let us first study the duality 
for hp.^{M). Let {x,y) e L‘^,.^imo{M) x hp.^{M). Given any (5 > 0, we may find a 
decomposition y = X]n>i with £^„(a„) = 0, £ Ls(A4„) and 


^ a„ (g) eir 
n>l 


\j2b„ 

n>l 


’ ^nl 


<(i + 




Then we have 

|{a;,i/)| < sup Vr(a;;;,a„6„) 

m>l ' V. T 

— n>l 

= sup ^ T{{Xm -XnYanbn) 


1>1 / 

— n<m 


< sup 

m>l 


n<m 
^ II^IIl'^/ ,mo\ 


( ^ {Xm - Xn)h*J>n{Xm “ "" , || X! ® 


n>l 


^ ^ Un G-in ^ ^ 


n>l 


> eir 


n>l 


< 


s INIU;;, ,mo||y|U= (A4)- 

































ASYMMETRIC DOOB INEQUALITIES 


15 


This proves that the map 

$ : Lp^,mo{M) B x ^ e 

given by ^x{y) = '''{^k{x)dk{y)) is bounded. To justify that $ is an embedding 

let us prove that some ball of hp^{A4) is norming in Lp^iino. Namely, if we let 
Lp{Ai;i 2 ) denote the space of sequences in Lp{M) with norm || lip 

and we write L'^{M;£ 2 ) for the subspace of adapted sequences 


||a;||L<=, ,mo = sup i ||((a;m - a;n)&n) 


>1 
= sup 

m>l 




} 


(I -^n)bn)*Vn^ ■ ||6||Lad(^p, ||77||L,„(^r) < l| 

n>l 

- £n{Vn))bl) : || , || ?71| < l| 

— n>l 


< 


sup { |T(a;^y)| : ||y|Uc (y^,) < c„} = sup |«'a;(2/)|- 


The last inequality follows from the noncommutative Stein inequality |20j since 


X] {Vn - £n{Vn))b*^ 


n>l 


Kn,iM) 


< 


iVn ^n(^n))r 




|l,(^5) < Cuj||»7||l„(^5). 


This proves that <& is indeed an embedding. To prove it is surjective it suffices 
to show that every continuous functional in hp^{M) is of the form $a; for some 
Luj'-martingale x and use the inequality above to justify x € Lp,^,mo{M). The 
trivial inclusion hp^{Ai) C Lp{A4) shows that every such functional is of the usual 
form y i—>■ T{z*y) for some z G Lpi{M). Therefore, x is given by Xn = £n{z) which 
is an Lp/-martingale and thus and -martingale since w' < p' ■ 

The duality for hpl^{M.) is similar. Let x € and y G hpij{M). By 

definition, given any S > 0 we may assume that there exists a decomposition of 

y = I]n>l dnictnPn) SUCh that 


I ^ a„ (g) eir. 

n>l 

Then we have 

= I T{dn{x)*anPn) 


< (1 -b^)||y|Ljc^(y^,)- 


n>l 


n>l 


< 


1 

(^'^dn{x)P^/3ndn{x)*Y || Qn 0 Cir 


n>l 


n>l 


< lla;| 


r Ic 

L , , mo 


y^a„0ei„ y^/3„ 




n>l n>l 

For the reverse inequality we note that 


< 


<5 11^11^1= ,mollyll/tJj,(A1)' 


,mo 


sup|||(d„(a:)/3„)„||i^,(fr) : ||/3 ||l,(£ 5) < l} 

sup{| y]]T((d„(a;)/3n)*?7„) : \\ld\\Ls{i-),\\v\\LUq) < l} 


n>l 
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< 


n>l 

sup |^'a;(y)|, where $a;(y) = ^ T(dfc(a;)dfe(2/))■ 




Surjectivity follows again from C Lp{M), see Lemma [231 for the proof. □ 


2.3. Proof of Theorem Bi. We now turn to the proof of Theorem Bi, for which 
we recall the definition of the spaces T-lp^{M) and Hp^iM). Given 1 < p < 2 and 
w > 2, we set 

n;jM) = h;^iM) + hl’;p{M) and n;^{M) = h;p,iM) + hli,{M). 

Recall that Theorem Bi for w = 2 follows from the Burkholder-Davis type inequality 
in m and Remark 1 2.2 1 We may therefore assume in what follows that w > 2. Let 
us start with the inclusion 

Kp^{M) + H<p^{M) C Lp{Ml 

which holds for a wider range of p’s and w’s, as we justify in the following result. 
Lemma 2.5. The continuous inclusion 

n;^{M) + n;^{M) c Lp{M) 

holds for all 1 < p < 2, w > p and s > 2 provided \ jp = Xjw + 1/s. 


Proof. It suffices to prove the continuous inclusion of the column spaces, which in 
turn reduces to prove it for hppp{M) and hp^(A4). The first space embeds trivially 
in Lp{M) from Holder inequality. The second embedding is more involved and we 
shall divide the proof into three cases: 

1. The case w > 2. According to the definition of the space hp^(A4), we may 
write X in the form dn^otnPn) with a, (3 being sequences in Lw{A4) and Ls{M.) 
respectively. Then we may use the factorization identity ffc(a/3) = Uk{Q.*)*Uk{P) 
for a right Alfe-module map Uk '■ M —>■ C'(Affe) and the noncommutative dual Doob 
inequality in L^/ 2 (M) and [1] to conclude that 



^ ^ dn{p^n(^n) 

n>l 

V 

< 

^ ^ ^nip^nj^n) 

n>l 

V 

< 

Un{(y*n)* ® ei„ 

n>l 


n>2 

® e 

< 2 

(EKlf 

n>l 

W 


i>2 


^>1 


n>2 
I a |2 


n>l 


< 2||x||/ilc^(_M). 


Note the last inequality follows by taking infimums over a and /? as above. 
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2. The case w = p. The Burkholder-Gundy and Stein inequalities from [20] yield 

||x||p ^ ^ ^n{_^nPn^ 


n>l 


P 


~ Cp I ^ ^ (u^n^n) G Ci-r; 

n>l 

— ^Pu ^ni^n G ^In — ^Pu 

\ \ .t—^ p \ \ .t—/ 

^ n>l 

/3n 0 e„i < Cp\\x\\f^i^^j^y 


n>l 

- ^p\\ 


1>1 


^>l 


Again, the last inequality follows by taking infimums since 1/s = 1/p — l/w = 0. 


3. The case p < w < 2. Note that we may assume p > 1, since we have w = s = 2 
for p = 1. We proceed by complex interpolation. Let 0 < 0 < 1 be determined 
by l/rc = (1 — 0)/p + 9/2 and then fix r = 9s. Let dj be the vertical line in C of 
complex numbers z with lm(z) = j for j = 0,1. Then, we can find two sequences 
of operator-valued analytic functions A{z) = (ara(z))n>i and B{z) = {Pn{z))n>i 
satisfying {A{9),B{9)) = (a„,^„)„>i and 


max • 

sup 
^ zGdo 

a„(z) (g) ein 

n>l 

, sup 

P Z^dr 1 

a„(z) (g) ei„ 

n>l 


y] a„ 0 ei„ 

n>l 

max ■ 

sup 
z&do ' 

T Pn{z) (gl e„i 

n>l 

, sup 
oo z&di 

y^ I3n{z) (g e„i 

n>l 

Al 

^ ^ /?n G Gnl 
n>l 


Note that r >2 since 

9 I I I 9 9 2p 

- = - =-=- r = —— > 2. 

r s p w p 2 2 — p 

Then, the three lines lemma and the previous two cases give rise to 

_ Q 

Ikllp < sup y]d„(a„(zo);dn(zo)) T. dn(.an{zi)l5n{zi)) 


■■ 


< Cp sup y] an{ 


n>l 


z) (g) dr 


z£do 


i>l 


1-9 


2® sup y] a„{z) 


> eir 


z£di 


i>l 


II y] Pniz) (g) e„i 

n>l 

y]/3„(z)(ge„i 


1-9 


- Cp| On 0 eir 
n>l 


^>1 
^ ^ /^n ^ ^nl 


%>1 


which implies the assertion by taking infimums over a and /3 as usual. □ 


The following lemma is a dual version of Lemma l2.5l It will be used below in an 
extrapolation argument to obtain the remaining embedding for Theorem Bi though 
the duality result established in Lemma 12.41 

Lemma 2.6. The continuous inclusion 

Lp' [M) C Vpi^,mo[M) n Ly^,mo{M) n Lp,.^,mo{M) n Ly^,mo{M) 

holds for all 2 < p' < oo, 1 < w' <p' and any s >2 provided l/w' = 1/p' -I- 1/s. 
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Proof. Arguing as in the proof of Lemma [23] and using Lemma |23| 

< sup||(a;,?/)| : llyllhc^ < c^l 

< sup|||a;||p/||?/||p : ||i/||^,c^ < c^l < Cpi„||a;||p'. 

Similar estimates hold for as well as for their row analogues. □ 

Lemma 2.7. The continuous inclusion 

Ll,^,mo{M) n Ll^^,mo{M) n L^p,^,mo{M) n L^f^,mo(M) C Lp^(M) 
holds for all 2 < p' < oo, 1 < re' < 2 and any s >2 provided 1/w' = Ijp' + 1/s. 


Proof. The case w' = 2 follows from Lemma 12.41 and the Davis type inequality 
proved in m- Let us then fix 1 < w' < 2 for what follows. We may assume that 
X = £m(x) is a finite martingale and prove the result with constants independent 
of m. Note that for w' < 2, we can choose w',J > 2 such that 

11111 


w' s p w' s 

This means there exists some 0 < 0 < 1 satisfying 


1 

1 

1—1 

1 

1 

1 

/I -9 

^ \ 

/1 

In 

2 “ 

+ ^ 
w w 

=> - 
q 

2 

p 

V 


Vw' 



1-1 


< 1 . 


Let {bn)n>i be an adapted sequence in Lq{M) satisfying \\^nbnb’^\\q < 1. Then 
we can find a sequence of vector-valued analytic functions B(z) = {bn{z))n>i with 

B{9) = {bn)n>i and max < sup bn{z)®ein , sup bn{z)®ein\\\ 

^ ^ ihJ 

Thus, we deduce from Lemma [2.61 that 

^ ^ {Xm, Xji'jbfib^i^Xui Xn') 


n>l 


< 


sup 

zGdo 


sup 

zGdi 


- Xn)b„{z)b„{z)* {Xm -Xn)^ ^ 

n>l 

n>l 


1-6 


< 


•n'lt}' Tj'w' n'Ki' 


p- 


According to the definition of Lp,^,mo{M), we immediately conclude that it embeds 
in Lp/{A4). The exact same argument applies for Lpf^,mo{M) and row spaces. □ 
Remark 2.8. Lemmas 12.61 and 12.71 yield a John-Nirenberg type result for p > 2. 


Applying the Duality Lemma 12.41 to our embedding in Lemma 12.71 we obtain 
the converse embedding of Lemma [2.51 Altogether, this proves the first assertion 
in Theorem Bi. The second assertion follows from the following result. 

Lemma 2.9. If 1 < p < 2 and w >2, we find 

ni^{M) C H<p{M) 

up to a constant Cpu,. The same eontinuous inclusions hold in the row case. 
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Proof. We shall prove that 

For the first inequality, assume that x = ^nbn with 

< (1+ (5)||a;|U=„(>t), 


^ a„ 0 ei^ 
n>l 


n>l 


where £n{an) = 0 and € Ls(Mn)- By Davis decomposition [15], we have 
lk||w=(AI) < \\A\hl(M) 

1 

( X! ^n-l\dn{,x)\‘ 
n>l 


^ ^ ^ ^n—1 1 ^ ^ dji {cik^k^ 
n>l k<.n 

y 

/ p 

^ ^ ^ ^n—1 1 ^ ^ dji(^(l]^^bk 

y 

/ p 


n>l fc<n 

By the right Aln-i-modular maps Un-i : M -> C{A4n-i) from [H Proposition 2.8] 


1 ^ ^ dn{Ojk)^k 


k<.n 


'^n—1 


(S' 

k<.n 


I \—' ^ I 12 

= y ^ U'n — l{dn{0‘k))bk — |'^n—1 (^n(-^))B| , 


k<n 


where A = o,k®^ik, B = J2k bk®eki and m is used for the matrix amplification 
m 0 of the map m. Then, use Holder inequality and Burkholder-Gundy 

inequality in the case w > 2 


Fllw=(A/t) 


< 


< 


Of)' 


n>l 

(y^Sn-i\d, 


i>l 


|-B||s < Cuill^llui|l-B||s Cu)||a;||/jc^(_A4). 


For the second inequality, assume that x = dnio^nldn) with 

|y]/3n0e„i < (l + <5)l|a:||^ic^(^). 


y] On 0 eij 

n>l 


T>1 


Now recall that Lq{M-,iq) C Lq{M]l 2 ) for g < 2 and the reverse embedding holds 
for q > 2. Indeed, the cases q = 2 and q = oo are clear. Then one can proceed by 
interpolation and duality. Thus, noting that w,s >2 and p < 2 


I|2^IIw“(A4) ~ IIlp(A4;.£§) 


II (o^n)n>l 1 

Lm(X;G) 

1 {/^n)n>l 



II (o^n)n>l 1 


1 (/5n)n>l 1 


□ 
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2.4. Proof of Theorem Bii. Our aim now is to complete the proof of Theorem B. 
The last assertion follows trivially from the Davis type decomposition in Theorem 
Bi and the boundedness of {£n)n>i ■ —>■ for 1 < p < 2, w > 2 

and f = r, c. This latter estimate will be our goal. As usual, we only justify the 
column case. It suffices to show that 


II(fn(a;))„>iII j < Cpu; 

Given x S there exists a decomposition x = satisfying 


^ an 0 ein ^ h 


2>1 


' e„i 


^>l 


< (1 + i5)||a;||hc^(^) 


where £n{o-n) = 0 and G Ls{Mn)- This gives rise to = f„(A)i3 where 

A = afc ® ^ ~ Sfc ® Cfei as in the proof of Theorem Ai. Using polar 

decomposition A = Uyi|A| and the modular map : AI — ?> C(AIn), we can rewrite 

iniA) = £ri{vA\A\) = Un{v\)*Un{\A\). 

Note that Un{v\)* is a contractive row. On the other hand, since w > 2 we may use 
noncommutative Doob inequality for \A\^ G Au,/ 2 (AI® 6 (£ 2 ))- Doing so we deduce 
there exists /3 G Liu(A40S(£2)) and contractions 7 „ G M0B{£2) satisfying 

L{\Af)=l3*i:inl3 and ||/3|U < ||A|U. 

This implies m„(|A|) = 'ijjnJnP for some contraction ijjn G M0B{£2)- As we did in 
the proof of Theorem Ai, we now exploit that Un{v\)* is a row and B is a column 
to find a factorization of £n{x) with operators affiliated to AI. Namely 

£n{x) = £n{A)B = {B*f]*pB)-- . 

" -V-''-V-' 

Wn b 

Since r(;„ G AI is a contraction, we just need to observe that 


\Lp{M) — ll/35||Lp(A<(giB(f2)) 


< On 


eir 


n>l 


n>l 


' ^nl 


< 


<5 ll^lUply(A<) • 


Let us finally prove the inequality for x = dnictnPn) G (AI) with 


^ an 0 ein ^ P'. 


^>l 


' ^nl 


i>l 


< (1 + 


Then we can write 

n n n 

(^) ~ ^ ^ dk (afc/3fc ) = ^ ^ £k (afc/3fc ) ^ ^ ^k—l ij^kldk ) — Xji ■ 
k^l k^l 

Using the quasi-triangle inequality, we are reduced to deal with and 

(^n)n>i- The two cases being similar, we only estimate (-^n)n>i- Then, using 
the modular map Uk ■ M ^ C{A4k) we may write 

n n 

Xn = Y. Uk{al)*Uk{Pk) = ( y] Uk{aiy ® eifc) ( uu{Pk) 0 efei) = E„(A)5, 

k—1 k—1 fc>l 
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where E„ = idM ® ® with E„ being the conditional expectation on 6 (^ 2 ) 

which we introduced to prove dm. Here A = Y.k>i^k{al)* (g) eife. Arguing as 
above, it all reduces to show that ||A||u,||i?||s <5 ||x||^ic However, since w >2 
we may use the dual form of Doob inequality in iu,/ 2 (Af) 




1, 

2 

T 


< C21 


1 



^ afc (g) eik 

fc>i 


w 


and similarly \\B\\s < Cs/ 2 || J2k Pk ® efei||s since s > 2. The proof is complete. □ 

Remark 2.10. Since C 'Hj(Al) for f = r,c, it turns out from Theorems 

A and B that other asymmetric Doob maximal inequalities hold for these Hardy 
spaces. Namely, given 1 < p < 2 and w >2, we have 

i£n)n>i : n;^{M) ^ LpiM-ji,) for 0 < 0 < p/2, 
i£u)n>i-.n/,JM)^Lp{M;il,) for l-p/ 2 < 0 <l. 
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